Abstract. Following the procedure of Hoenselaers and Perjés we present a new corrected and dimensionally consistent set of multipole gravitational and electromagnetic moments for stationary axisymmetric spacetimes. Then, we use them to compute the multipole moments, both gravitational and electromagnetic, of a KerrNewman black hole.
Introduction
After Ernst's first paper on reformulating Einstein's equations for stationary and axisymmetric spacetimes (i) without [1] , and (ii) with electromagnetic field [2] , Geroch and Hansen [3, 4] defined the multipole moments of static and stationary spacetimes respectively, by measuring the deviation of geometry from flatness in the neighborhood of a point at infinity. Their definitions for the moments coincide with the ones used by Thorne in [5] . Later, Simon and Beig [6] reconstructed the moments from the series expansion of field variables, and Simon [7] generalized them so as to include electrovacuum spacetimes. Especially the axisymmetric spacetimes that Ernst studied are both quite important physically and can be fully described by a number of scalar moments, in the same way that newtonian potentials are characterized by their mass multipole moments.
In 1990 Hoenselaers and Perjés [8] generalized the work of Fodor et al [9] for vacuum gravitational moments to cases where the central gravitating source is endowed with electromagnetic field as well. Although the generalization method they used was absolutely right, the final expressions of the moments they constructed were contaminated with two errors. In our paper we have tried to (i) clarify these mistakes, (ii) give a few extra intermediate relations that are used in the procedure of computing the moments, (iii) correct the expressions that relate the gravitational and electromagnetic multipole moments of the spacetime with the power series coefficients of the gravitational and electromagnetic potentials, and (iv) use the assumed reflection symmetry of the metric to avoid the complex conjugate terms in our expressions and thus simplify them. The final expressions for the gravitational and electromagnetic moments may be of interest for people that are looking for approximate expressions for the metric of stationary and axisymmetric sources that depend on a few physical parameters of the source. We actually needed these expressions when we tried to extend [10] Ryan's study [11] of a few observable orbital characteristics, to spacetimes with electromagnetic fields. The dimensional inconsistency of the moments of [8] , that we were to use, drew our attention and we set out to check the whole procedure that Hoenselaers and Perjés followed in their paper.
The rest of the paper is organized as follows. In Section 2 we briefly repeat the basic steps of the method used, and write a few extra intermediate expressions that may be useful to the reader. Although most intermediate steps can be found in a number of previous articles, the wide spectrum of different conventions used by different authors urged us to systematically present the conventions followed up to the final formulae that construct the moments. In Section 3 we reconstruct the first five gravitational and electromagnetic moments as functions of the power series coefficients of the gravitational and electromagnetic potentials. A few comments about the terms that show up at each moment have been added at the end. In Section 4 we compute once again the first five power terms of the metric and the electromagnetic field of a pole-dipole source as in [8] . Finally, in Section 5 we use the whole technique to compute the moments of the Kerr-Newman metric, from the knowledge of the metric along its axis of symmetry. The gravitational moments are exactly like in Kerr metric, while the electromagnetic moments are simply e/m times the corresponding gravitational moments.
Ernst functions and moments
For a stationary axisymmetric spacetime with reflection symmetry about its equatorial plane the metric could be described by the Papapetrou metric [12] 
where F, ω, and γ are functions of ρ and |z|. Assuming that spacetime is asymptotically flat, γ → 0, F → 1, and ω → 0 at infinity. As Ernst has shown the Einstein equations for such a spacetime, in presence of an electromagnetic field, can be written as a set of two similar differential equations for the new complex functions E and Φ:
where ∇ denotes the gradient with respect to the spatial three-geometry and ℜ, ℑ denote the real and imaginary part, respectively, of the complex function that follows. The two new functions are related to the metric and the electromagnetic potential as follows:
where the imaginary parts of the two new functions are related to ω and electromagnetic potential (cf., [2] ) through
On the other hand, the third metric function γ can be deduced from the other two by means of the rest Einstein equations. Now, instead of E and Φ we use the complex Ernst potentials ξ, q, which are the analogues of newtonian gravitational potential and Coulomb potential respectively,
where
and ∇ i denote the components of the gradient. In order to measure the moments of an asymptotically flat spacetime, according to Geroch's procedure [3] , we map the initial three-metric to a conformal one
Λ is the point added to the initial manifold which represents infinity. The conformal factor Ω transforms ξ and q potentials toξ
If we focus our attention to a stationary axisymmetric spacetime with a metric like the one given in Eq. (1), the three-dimensional manifold which is orthogonal to the timelike Killing vector takes the form (cf., Eq. (2.6) of [4] )
where the coordinates x 1,2,3 are ρ, z, φ correspondingly. By a coordinate transformation
we bring infinity at the origin of the axes (ρ,z) = (0, 0). Then, by choosing the conformal factor to be
the conformal metric in the new coordinates is flat atr = 0, since γ|r =0 = 0. The Ricci tensor of this conformally transformed three-geometry in barred coordinates is (r 2ξ * ξ −r 2q * q − 1)
as one could verify by a tedious but straightforward calculation, with
TheD i 's are the ∇ i 's of [8] , but with their indices interchanged. Notice that this has exactly the same form as Eq. (11) if we replace the free (no differentiated) ξ's and q's withrξ andrq, respectively, while the differentiated ξ's and q's simply withξ andq, respectively. This is the source of the wrong expressions for the moments in [8] . In their s i 's the free ξ and q should be replaced byrξ andrq and not byξ andq in order to keep the dimensions consistent. The field equations (9,10) keep exactly their form as well in the conformal metric if expressed in the barred coordinates, by using the same replacements.
The tensorial multipole moments of the electrovacuum spacetime are computed by the recursive relation [9] 
for the geometry, and
for the electromagnetic field. It should be noted that all these tensors, at each order, should be evaluated at Λ (at infinity). The operator C symmetrizes and takes the trace-free part of what follows. Due to axisymmetry the components of these tensorial moments are multiples of the corresponding scalar moments which are the projection of the tensorial moments on the axis of symmetry. According to Hansen [4] the scalar moments are defined as
so as to be consistent with the scalar moments of newtonian gravitational potential. Note that these moments have the opposite sign from the ones defined by Hansen [4] . From the recursive relations (20,21), one can construct a recursive relation for the scalar moments themselves from the derivatives of ξ and q (see [9] ):
This complicated relation computes the projection of symmetric and trace-free tensorial moments along the axis, by building them order after order. Of course when using this formula, one should neglect any terms with lower indices that are less than zero. Then the gravitational moments are simply given by
The electromagnetic moments Q n can be computed from exactly the same recursive formula (23), if we replace the initial term S
0 withq instead ofξ. In order to use these recursive formulae one needs also the derivatives of γ which could be expressed as linear combinations of the components of the Ricci tensor (see Eq. (18))
Having ready the mathematical formulae that will give us the gravitational and electromagnetic multipole moments of a specific stationary and axisymmetric source we end up this section by writing both ξ and q as power series ofz,ρ:
where a ij and b ij vanish when i is odd (this reflects the smoothness of both potentials at the axis of symmetry), and are real for even j and imaginary for odd j (this is due to the reflection symmetry of the metric with respect to the equatorial plane). Because of Einstein's field equations (see Eqs. (9,10) and the relative discussion for the tilded version of them which follows after Eq. (18)), the coefficients in the above power series are algebraically interrelated:
and
where m = r − k − p , 0 ≤ k ≤ r, 0 ≤ p ≤ r − k , with k and p even, and n = s − l − g, 0 ≤ l ≤ s + 1 , and −1 ≤ g ≤ s − l. These recursive relations could built the whole power series of ξ and q from the knowledge of the metric on the axis of symmetrỹ
This is very useful because from the knowledge of the metric along the axis, we can reconstruct the whole metric and thus read the multipole moments of spacetime. In the next section we will write the expressions that connect the multipole moments of both types with the m i 's and q i 's.
The multipole moments of stationary axisymmetric electrovacuum spacetimes
Following the procedure that is outlined in Section 2 we compute the first five gravitational and electromagnetic multipole moments in terms of a ij and b ij . Then the algebraic relations between a ij and b ij are used to write expressions for the moments in terms of m i ≡ a 0i and q i ≡ b 0i . If we define the following useful quantities
the gravitational moments as functions of the power series coefficients ofξ along the symmetry axis are given by
while the electromagnetic moments as functions of the power series coefficients ofq along the symmetry axis are given by
There are a few things that one should notice on the expressions above:
(i) Since m i 's and q i 's are real for even i's, and imaginary for odd i's, there is no need using complex conjugate quantities in the expressions above.
(ii) While the quadratic quantities M, Q are independent quantities, S, H are not completely independent of each other. The following obvious relations between them hold
Thus, although the introduction of four quantities looks like a redundancy this gives an evident symmetric form in the two sets of moments.
(iii) In contrast to [8] , the expressions for both the gravitational and the electromagnetic third moment are somewhat more complicated. For example, there is some contribution to the octupole spin moment P 3 from the dipole magnetic moment Q 1 = q 1 , even if all other spin moments are zero (m i = 0, with i odd). The missing terms in their [8] corresponding moments seem to be the result of a possible mistake in their code at computing a 21 and b 21 .
(iv) The different expressions we have in the rest of moments P 4 , Q 4 , P 5 , Q 5 is due to incorrect replacement of q, ξ withq,ξ in s i in Eq. (11) . As was noted previously, in Section 2, the new expressions for the moments are now dimensionally right (see note (vi) below).
(v) From the form of the expressions we notice that both sets of moments are completely symmetric, apart from a few signs (opposite or equal numerical factors in all corresponding coefficients). It seems that every term that is a product of three q, m's shows opposite signs in the two corresponding moments, but the same sign when it is simply one q or m, or a product of five q, m's. We suspect that an analogous sign-correspondence will show up at even higher moments.
(vi) Since ξ should be dimensionless, m i and q i should have dimensions [M] i+1 , and hence all terms in each moment have the same (sum of indices) + (number of indices). This simple dimensional observation gives us the capability of predicting exactly what kind of terms, consisting of a number of m i 's, q i 's, and one of M or S, we expect at each gravitational moment. The corresponding terms of electromagnetic moments arise if we interchange q i with m i , and replace Q ij with M ij and S ij with H ij . This dimensional analysis makes it clear that the expressions (27,28) of [8] contain incorrect terms.
A spinning mass with charge and magnetic dipole
For completeness, we rewrite the results of the pole-dipole example used by Hoenselaers and Perjés, based on the correct expressions for the moments. Thus, we also assume that the moments of the source are
P n = 0, and Q n = 0, for n ≥ 2.
Then, if we invert the expressions of Eqs. (31,32) we get
Although m 2 = q 2 = 0, all higher order m i and q i do not vanish. Especially, if we set µ = a,
and q 0 = e q 1 = iae q 2 = 0
which are exactly what the formulae of Hoenselaers and Perjés yield. If on the other hand we set e 2 = m 2 , then
which do not coincide with the corresponding expressions of Hoenselaers and Perjés. Of course if e 2 = m 2 and µ = a, then all q i and m i except the first pair of them vanish.
The Kerr-Newman metric
In this section we follow the technique presented here to compute the gravitational and electromagnetic moments of a Kerr-Newman black hole. Ernst [2] constructs this metric in prolate spheroidal coordinates (x, y), by setting
The ξ we have used in our paper (and in the majority of relevant papers) is the inverse of Ernst's (compare Eq. (8) of the present paper with Eq. (10) of [1] ), and q = q E ξ. Thus, ξ = m x + iay , q = e x + iay .
At the axis of the black hole (ρ =ρ = 0), the prolate spheroidal coordinates are y = 1, and x = z. Therefore, the Ernst potentials along the axis take the following form ξ(ρ = 0) = m z + ia = mz 1 + iaz , q(ρ = 0) = e m ξ(ρ = 0),
and finally the conformally transformed potentials arẽ
Now it is straightforward to read the multipole moments of such a source. It is easy to see that in this case, as in the case of Kerr metric, M ij = Q ij = S ij = H ij = 0, so the m i 's and q i 's coincide with the actual moments.
This set of moments fully define the gravitational and electromagnetic field of a KerrNewman black hole.
